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Abstract
Based on the gedanken experiment for black hole complementarity in the Schwarzschild black
hole, we calculate the energy required to duplicate information in the BTZ black hole under the
assumption of absorbing boundary condition and its dual solution of the black string, respectively,
in order to justify the validity of the no-cloning theorem in quantum mechanics. For the BTZ black
hole, the required energy for the duplication of information can be made fairly small, whereas for
the black string it exceeds the total mass of the black string, although they are related to each
other under the dual transformation. So, the duplication of information might be possible in the
BTZ black hole in contrast to the case of the black string, so that the no-cloning theorem could
be violated for the former case. To save the duplication of information for the BTZ black hole,
we perform an improved gedanken experiment by using the local thermodynamic quantities near
the horizon rather than those defined at infinity, and show that the no-cloning theorem could be
made valid even in the BTZ black hole. We also discuss how this local treatment for the no-cloning
theorem can be applied to the black string as well as the Schwarzschild black hole innocuously.
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I. INTRODUCTION
The evaporation of black holes [1, 2] would lead to the information loss paradox [3],
where the black holes formed by the collapse of quantum state would eventually disappear
completely and the black hole information would be lost. However, this problem could be
solved for the distant observer outside the horizon by assuming that the Hawking radiation
would carry the black hole information. In this assumption, the fixed observer (Bob) could
gather the information of the infalling matter state through the Hawking radiation after the
Page time when the black hole has emitted half of its initial Bekenstein-Hawking entropy
and the information of the black hole starts to be emitted by the Hawking radiation [4]. If
the infalling observer (Alice) could send the message to Bob jumped into the black hole,
then Bob would have the duplicated information, which is the violation of the unitarity in
quantum theory.
The above information cloning problem arises obviously when one attempts to correlate
the experimental results performed on both sides of the horizon. So, it has been proposed
that black hole complementarity (BHC) as a solution to this paradox should reconcile general
relativity and quantum mechanics [5–7]. It means that such a paradox never occurs since
the observer inside the horizon is not in the causal past of any observer who measures the
information through the Hawking radiation outside the horizon [5, 6]. A specific gedanken
experiment on the Schwarzschild black hole indicates that the required energy to correlate
the observations of both sides of the horizon exceeds the mass of the black hole [6]. In other
words, the information must be encoded into the message with super-Planckian frequency.
Thus it turns out that the unitarity on the Schwarzschild black hole could survive nicely in
virtue of BHC.
On the other hand, the AdS/CFT correspondence allows us to study gravitational systems
in terms of a dual gauge theory [8–10]. The unitarity of the CFT strongly suggests that
no violations of causality should be apparent to local observers and BHC should be valid
during the process of black hole evaporation from the AdS/CFT perspective [11, 12]. Now,
one might wonder how BHC works on the gravity side in asymptotically AdS black holes
such as the three-dimensional Ban˜ados-Teitelboim-Zanelli (BTZ) black hole [13]. At first
sight, one might be tempted to expect that BHC for the BTZ black hole is simply valid since
the BTZ black hole under the dual transformation [14] is related to the asymptotically flat
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black string solution where the geometric structure is similar to that of the Schwarzschild
black hole.
If the usual reflective boundary condition is chosen for asymptotically AdS black holes,
the Hawking radiation from the black hole in the bulk can be reflected back into it, so that
the black hole does not evaporate and remains in thermal equilibrium with its Hawking
radiation [15]. However, one could choose an absorbing boundary condition by coupling a
bulk scalar field representing the Hawking radiation to an auxiliary field at the boundary
of AdS [16]. Since such a coupling permits energy to be transferred from the bulk field
to the auxiliary field, asymptotically AdS black holes take only a finite amount of time to
evaporate away even though its initial mass is arbitrarily large [17–21]. It is worth noting
that in the semiclassical approximations the coupling of the fields at the boundary does
not affect the geometry of AdS [22]. By assuming the absorbing boundary condition at
infinity, the information loss paradox [11], BHC [12], and firewalls [22] have been studied in
asymptotically AdS black holes. According to these arguments, we will assume the absorbing
boundary condition at infinity in order to discuss BHC in the BTZ black hole.
In this paper, we shall calculate the energy required to duplicate information on the static
BTZ black hole with the absorbing boundary condition and its dual solution of the neutral
black string, respectively, in order to justify whether the no-cloning theorem in quantum
mechanics could be valid or not at both sides. We shall find that the required energy for
the duplication of information in the BTZ black hole can be made very small, whereas
the required energy for the black string exceeds the super-Planckian scale. Consequently,
it means that the duplication of information might be possible for the BTZ black hole in
contrast to the case of the black string so that the no-cloning theorem could be violated
for the former case. To evade the duplication of information for the BTZ black hole, we
perform the gedanken experiment by using the local thermodynamic quantities defined near
the horizon rather than those defined at infinity, and show that the no-cloning theorem
could be valid even in the BTZ black hole. Finally, we discuss this local treatment working
well for the black string as well as the Schwarzschild black hole without any modification of
standard conclusion. In Sec. II, we recapitulate the well-established gedanken experiment
to determine the required energy for cloning the infalling information on the Schwarzschild
black hole along the line of Ref. [6]. In Sec. III, we calculate the required energy for cloning
and then point out the violation of the no-cloning theorem in the BTZ black hole. In Sec. IV,
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we revisit the above gedanken experiment by employing the local thermodynamic quantities
for the BTZ black hole, and then resolve the violation of the no-cloning theorem. Finally,
conclusion and discussion will be given in Sec. V.
II. BHC IN THE SCHWARZSCHILD BLACK HOLE
Let us encapsulate the gedanken experiment presented in Ref. [6]. The two observers,
Alice and Bob, are hovering outside the Schwarzschild black hole described by the length
element as
ds2 = −32M
3
r
e−
r
2M dUdV + r2dΩ2, (1)
where U = ±e− (t−r
∗)
4M , V = e
(t+r∗)
4M , and r∗ = r + 2M ln (|r − 2M |/2M), and the constants
are G = ~ = c = kB = 1. The plus and minus signs in U coordinate are for the inside and
outside the horizon, respectively. To get the Page time for the old black hole [4], we consider
the four-dimensional Stefan-Boltzmann law in the asymptotically flat spacetime as
dE
dt
= −AσT 4, (2)
where E , A, T are the internal energy, area, temperature of a black body, and σ denotes the
Stefan-Boltzmann constant. Now, the internal energy E, the area A, and the temperature
T are identified with E = M, A = 16πM2, and T = 1/(8πM) for the Schwarzschild black
hole. Then, the Page time tP when the initial Bekenstein-Hawking entropy shrinks in half
can be easily calculated from the Stefan-Boltzmann law (2) as
tP ∼M3. (3)
Next, let us suppose that Alice passes through the horizon at VA in Fig. 1, and after the
Page time tP Bob falls through the horizon with carrying a record of his measurements at VB.
To receive the message from Alice before Bob hits the curvature singularity at UV = 1, Alice
should send the message to Bob before she reaches UA = UB = V
−1
B = e
−tP/(4M) ∼ e−M2,
where r = 0. So, the proper time ∆τ for Alice to send the message before passing through
UA can be calculated from Eq. (1) near the horizon r ≈ rH as
∆τ 2 ≈ 32M
3
rH
e−
rH
2M (UA − 0)∆VA ∼M2e−M2, (4)
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FIG. 1. For the Schwarzschild black hole (and the black string, BTZ black hole), the origin is
denoted by the wiggly curve where UV = 1 in terms of the Kruskal-Szekeres coordinates. Alice is
passing through the horizon at VA, and Bob will jump into the horizon at VB after the Page time.
Alice should send the message to Bob at least at UA before Bob hits the singularity.
where ∆VA is a nonvanishing finite value near VA for the free-fall [6]. Then, the required
energy ∆E is calculated as
∆E ∼ 1
M
eM
2
, (5)
which definitely exceeds the black hole mass, i.e., ∆E ≫ M . It dictates that the message
must be encoded into radiation with super-Planckian frequency. Therefore, the no-cloning
theorem is valid in such a way that BHC is complete.
Note that the Page time was calculated at asymptotic infinity, even though Bob should be
staying near the horizon in the gedanken experiment [6]. Since the time interval ∆tB of Bob
is always longer than the interval ∆t∞ of the asymptotic observer thanks to time dilation
for the asymptotic flat black holes, the required energy calculated from ∆t∞ is also larger
than that from ∆tB. However, for asymptotically non-flat black holes, the above gedanken
experiment would be non-trivial, which is the main theme of the present work.
III. NO-CLONINGTHEOREM IN THE BLACK STRING AND THE BTZ BLACK
HOLE
Let us first mention the dual transformation between the BTZ black hole and the black
string [14, 23] by using the three-dimensional low energy string action defined by
S =
1
2π
∫
d3x
√−ge−2φ
[
4
ℓ2
+R + 4(∇φ)2 − 1
12
HµνρH
µνρ
]
, (6)
5
where φ is the dilaton field, Hµνρ satisfying H = dB is the three-form field strength, and the
cosmological constant is Λ = −ℓ−2. The equations of motion for the action (6) are given by
Rµν + 2∇µ∇νφ− 1
4
HµλρH
λρ
ν = 0,
∇µ(e−2φHµλρ) = 0, (7)
R− 1
12
H2 + 4
(
∇2φ− (∇φ)2 + 1
ℓ2
)
= 0
with respect to each field. One of the solutions to Eq. (7) is the static BTZ black hole
described by the metric,
ds2 = −
(
−M + r
2
ℓ2
)
dt2 +
1
−M + r2
ℓ2
dr2 + r2dϕ2 (8)
with Bϕt = r
2/ℓ2, φ = 0, where ℓ is the radius of AdS space. The metric solution (8) with
{B, φ} is independent of the coordinate ϕ, which gives the dual solution through the dual
transformation as [24, 25]
g˜ϕϕ =
1
gϕϕ
, g˜ϕµ =
Bϕµ
gϕϕ
, (9)
g˜µν = gµν − (gϕµgϕν −BϕµBϕν)/gϕϕ, (10)
B˜ϕµ =
gϕµ
gϕϕ
, B˜µν = Bµν − 2
gϕϕ
gϕ[µgν]ϕ, (11)
φ˜ = φ− 1
2
ln gϕϕ, (12)
where µ, ν run over all coordinates except ϕ. The dual solution is obtained by applying the
dual transformation to a translational symmetry in the direction ϕ,
ds˜2 =Mdt2 +
2
ℓ
dtdϕ+
1
r2
dϕ2 +
1
−M + r2
ℓ2
dr2, (13)
and B˜ϕt = 0, φ˜ = − ln r. After a diagonalization through t = (xˆ− tˆ)/
√
M, ϕ = ℓ
√
Mtˆ, and
r2 = ℓrˆ, the neutral black string solution is finally obtained as
ds˜2 = −
(
1− M
rˆ
)
dtˆ2 +
ℓ2
4rˆ2
1
1− M
rˆ
drˆ2 + dxˆ2 (14)
with B˜xˆtˆ = 0, φ˜ = −12 ln(rˆℓ), where the ADM mass per unit length of the black string
is M = ℓM . The BTZ black hole (8) and the black string (14) are the solutions to the
equations of motion (7) and they have the same entropy and mass [23, 26]; however, the
geometric properties are very different.
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Let us now investigate the validity of BHC in the black string whose metric (14) is
rewritten as
ds˜2 = −ℓ
2M
rˆ
dUˆdVˆ + dxˆ2 (15)
in terms of the Kruskal-Szekeres coordinates defined by Uˆ = ±e−(tˆ−rˆ∗)/ℓ, Vˆ = e(tˆ+rˆ∗)/ℓ,
and rˆ∗ = ℓ
2
ln (|rˆ −M|/M). To calculate the Page time in three dimensions, we use the
three-dimensional Stefan-Boltzmann law written as [27]
dE
dt
= −AσT 3, (16)
where E , A, T are the mass, area, and Hawking temperature of the black string, respectively,
and σ is the three-dimensional Stefan-Boltzmann constant. The conserved charge E˜ for a
time-like killing vector, the area A˜H, and the Hawking temperature T˜H of the black string
are calculated as E˜ = 2√M/ℓ, A˜H = ∫ dxˆ = 2π/√ℓM, and T˜H = 1/(2πℓ) [23], and the
Wald entropy is given as S˜W = 4π
√
ℓM [28]. By plugging them into Eq. (16), the Page
time tˆP is calculated as
tˆP ∼ ℓ3M. (17)
Let us suppose that Alice sends the message to Bob before Bob hits the singularity as
shown in Fig. 1. Since the black string has the curvature singularity at rˆ = 0 or Uˆ Vˆ = 1,
UˆA is written as UˆA = UˆB = Vˆ
−1
B = e
−tˆP/ℓ ∼ e−ℓ2M2 for the Page time (17). From the metric
(15), the proper time is calculated as
∆τ˜ 2 =
ℓ2M
rˆH
UˆA∆VˆA
∼ ℓ2e−ℓ2M (18)
near the horizon. So the required energy is immediately read off from the Heisenberg un-
certainty principle as
∆E˜ ∼ 1
ℓ
eℓ
2M, (19)
which dictates that the message must be encoded into radiation with super-Planckian fre-
quency. In other words, for the large black string, the required energy for cloning exceeds
the total mass of the black string, i.e., ∆E˜ ≫ E˜ = 2√M/ℓ. The analysis of the gedanken
experiment on the black string respects the no-cloning theorem in the principle of quantum
mechanics, so that BHC is still valid.
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Before proceeding with a similar gedanken experiment for the BTZ black hole, let us
comment on evaporation of the BTZ black hole. Actually, one could easily discuss the
information loss paradox if the black hole evaporated. If we place a small enough black hole
in AdS, it will evaporate before filling the surrounding space. However, a large black hole
does not evaporate completely and instead reaches a configuration of thermal equilibrium in
contrast with the small black hole, since the reflecting boundary condition of asymptotically
AdS black holes prevents such black holes from evaporating completely [15, 29], and this
kind of feature can also be found in BTZ black hole [30]. In this respect, the information
loss paradox should be studied by assuming the evolving geometry of the asymptotically
AdS black holes [11]. To support this argument, the boundary was required to become
partially absorptive by allowing energy to be transferred between bulk fields and external
fields [16]. It turns out that asymptotically AdS black holes take only a finite amount of time
to evaporate away even though its initial mass is arbitrarily large. The relevant discussions
in the bulk and the AdS boundary in connection with the evaporating AdS black holes with
the absorptive boundary condition could be found in a few literatures [17–21]. It is worth
mentioning that the coupling of the fields at the boundary does not affect the geometry
of AdS under the semiclassical approximations [22]. From now on, we will assume the
absorbing boundary condition at infinity in order to discuss the no-cloning theorem for BTZ
black hole.
Let us start with the geometry of the BTZ black hole described by the metric (8) written
as
ds2 = − ℓ
2
r2H
(r + rH)
2dUdV + r2dϕ2 (20)
in the Kruskal-Szekeres coordinates, where U = ±e− rHℓ2 (t−r∗), V = e rHℓ2 (t+r∗), and r∗ =
ℓ2/(2rH) ln(|r − rH|/(r + rH)), and rH = ℓ
√
M . Plugging the ADM mass E = M , the area
AH = 2πℓ
√
M , and the Hawking temperature
TH =
√
M/(2πℓ) (21)
into the three-dimensional Stefan-Boltzmann law (16), we obtain the Page time tP as
tP ∼ ℓ
2
M
. (22)
Note that the static BTZ black hole is geodesically incomplete [31]. If the geometry of
the static BTZ black hole is extended to r = 0, the distributional curvature scalar R with
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a possible distributional source is found to be R = π(1 +M)δ
(2)
(0)(r
2) − 6/ℓ2 [32], where it
reduces the curvature of the pure AdS spacetime of R = −6/ℓ2 for M = −1. For the static
BTZ black hole, the curvature singularity and the point source as the mass of the BTZ black
hole are placed at r = 0, i.e., UV = 1. From the Page time (22), the critical point UA for
Alice can be obtained as UA = UB = V
−1
B = e
−(rH/ℓ2)tP ∼ e−ℓ/
√
M . Then, from the metric
(20), the proper time ∆τ for Alice is obtained as
∆τ ∼ ℓe− ℓ√M (23)
near the horizon. Eventually, the required energy is given as
∆E ∼ 1
ℓ
e
ℓ√
M . (24)
Unlike the Schwarzschild black hole or the black string, the required energy (24) for du-
plication of information can be made small compared to the ADM mass of the black hole,
∆E ≪M , for the large BTZ black hole. It means that the no-cloning theorem of quantum
information can be violated, so that BHC appears to be invalid. We will show that this is
not the case in the next section.
IV. ONE RESOLUTION FOR THE BTZ BLACK HOLE
The violation of the no-cloning theorem for the BTZ black hole is problematic, since
there is no reason for the unitary quantum theory to be ill-defined when gravitational effects
are considered in the semi-classical regime. To evade the duplication of information in the
BTZ black hole, we will try to perform the gedanken experiment by employing the local
thermodynamic quantities defined in the near horizon rather than those defined at infinity,
since at a finite distance from the horizon Bob is gathering information from the Hawking
radiation. Measurement of the Hawing radiation carrying information will be done in the
local inertial frame first and then it will be transformed to Bob in the accelerating frame,
because there is no asymptotically flat region for the BTZ black hole.
Let us obtain the local thermodynamic quantities for a local observer at a radius of rB of
the black hole. The local temperature Tloc can be obtained from the Tolman’s law [33, 34],
Tloc =
TH√−gtt(rB) . (25)
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And the thermodynamic internal energy Eloc can be computed from the first law of black
hole thermodynamics as dEloc = TlocdS where Bϕt = r2/ℓ2, φ = 0, which yields Eloc =
E0 − 2
√
−M + r2B/ℓ2, where Eloc would vanish for the zero mass for E0 = 2rB/ℓ.
Now, let us assume that Bob is gathering the information encoded in the Hawking ra-
diation near the horizon, rB = rH + ǫ where ǫ is a finite value. By the way, in the local
inertial frame at the position of Bob, i.e., r = rB, we can consider the Stefan-Boltzmann law
described by the local thermodynamic quantities as
dEloc
dτB
= −AσT 3loc, (26)
where τB is a proper time at the position of rB. Plugging the first law of thermodynamics of
dEloc = TlocdS into Eq. (26), one can get the Page time measured in the local inertial frame
as
τB − τ0 = −
∫ S
2
S
1
AσT 2loc
dS
=
∫ S
2
S
gtt(rB)
AσT 2H
dS, (27)
which results in
τB − τ0 ∼ ℓ2 + ℓ
√
Mǫ, (28)
where τ0 denotes the proper time when the Alice jumped into the horizon. By applying the
time dilation near the horizon due to the acceleration of the Bob’s frame,
∆τB =
√
−gtt(rB)∆tP, (29)
the Page time tP measured by Bob who is the fixed observer outside the horizon is obtained
as
tP ∼
√
ℓ3ǫ
2
M
1
4 +
√
ℓ
2ǫ
(
ℓ2 +
3
4
ǫ2
)
M−
1
4 +O
(
M−
3
4
)
. (30)
Next, the critical point UA for Alice can be given by UA = UB = V
−1
B = e
−(rH/ℓ2)tP , so
that the proper time for Alice is obtained as
∆τ ∼ ℓe−
(√
ℓǫ
2
M
3
4+ 1√
2ǫℓ
(ℓ2+ 34 ǫ
2)M
1
4+O
(
M−
1
4
))
, (31)
and the required energy from the uncertainty principle is eventually written as
∆E ∼ 1
ℓ
e
√
ℓǫ
2
M
3
4+ 1√
2ǫℓ
(ℓ2+ 34 ǫ2)M
1
4 +O
(
M−
1
4
)
. (32)
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For the large BTZ black hole, the required energy (32) definitely exceeds the mass of the
black hole, i .e., ∆E ≫M , which means that the message must be sent in quanta of energy
far beyond the Planck scale. Therefore, in the BTZ black hole, the no-cloning theorem of
the quantum theory could be made valid like the case of the black string as well as the
Schwarzschild black hole, so that BHC becomes complete.
V. CONCLUSION AND DISCUSSION
We examined the validity of BHC for the BTZ black hole by calculating the required
energy for Alice to send the message to Bob. From the naive gedanken experiment in
section III, the energy required to duplicate Alice’s information could be made small enough
to duplicate it, although the duplication of information did not occur in the black string.
To save the violation of the no-cloning theorem for the BTZ black hole with the absorptive
boundary, we calculated the Page time by using the local thermodynamic quantities in
the Stefan-Boltzmann law and then transformed it to the fixed frame, because there is no
asymptotic region in the BTZ black hole. Consequently, we found that BHC is still valid
for the BTZ black hole.
Precisely, one might wonder what happens if the local thermodynamic quantities are em-
ployed in the calculations of the required energy cloning the information in the Schwarzschild
black hole and the black string. For the case of the Schwarzschild black hole, from the Stefan-
Boltzmann law (2) with the local temperature defined by Tloc = 1/(8πM
√
1− 2M/rB), the
Page time is calculated as tloc ∼ M4/ǫ +M3, where ǫ = rB − 2M , and for the case of the
black string the Page time tˆP is also obtained as tˆloc ∼ ℓ3M2/ǫ+ ℓ3M. Note that the local
treatment for ǫ makes the Page time tloc and tˆloc longer so that the required energy for
cloning the information is enhanced. Therefore, in the large black hole limit, the gedanken
experiment with the local thermodynamic quantities is still consistent with the conventional
result in Ref. [6].
Now, we would like to discuss the relationship between information loss paradox and
boundary conditions. In the usual reflective boundary condition, the external observer
simultaneously receives incoming and outgoing fluxes of the Hawking radiation, so that the
black hole does not evaporate and remains in thermal equilibrium. Since the black hole
does not accommodate that the initial entropy shrinks in half, no bit of information would
11
leak out from the black hole so that there is no information loss paradox. However, in the
absorptive boundary condition, the asymptotically AdS black hole can evaporate by means
of the auxiliary field at the boundary [16–20]; however, there is no detailed proof in the case
of the BTZ black hole. It deserves further attention.
Finally, if the black hole does not evaporate for the BTZ black hole with the reflective
boundary condition, then the Stefan-Boltzmann law (26) does not work. In fact, the Stefan-
Boltzmann law (26) is just the relation between the net flux and the temperature of the
radiating black hole. Here, the flux-temperature relation is valid only for the evaporating
black hole with the absorptive boundary condition. Unfortunately, we did not derive the
Stefan-Boltzmann law (26) for the BTZ black hole but just assumed the form which usually
holds in local inertial frames. The explicit derivation of Eq. (26) by using the influx and
out-flux from the quantum-mechanical energy-momentum tensor by assuming the absorptive
boundary seems to be beyond the scope of the present paper. We hope this issue will be
addressed elsewhere.
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